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SUMMARY 
Thi s  paper d e a l s  w i t h  c a l c u l a t i n g  t h e  n o n - l i n e a r  b e h a v i o u r  o f  a wave-like 
deformed metal strip d u r i n g  t h e  l e v e l l i n g  p r o c e s s .  E l a s t i c - p l a s t i c  material 
behaviour  as we l l  as n o n l i n e a r i t i e s  d u e  t o  l a r g e  d e f o r m a t i o n s  a r e  c o n s i d e r e d .  
The cons idered  problem leads  to  a  combined s t a b i l i t y  and contact  problem. I t  is  
shown t h a t ,  d e s p i t e  of t h e  i n i t i a l l y  c o n c e n t r a t e d  l o a d i n g ,  n e g l e c t i n g  t h e  
change  of  loading  condi t ions  due  to  a l te red  contac t  domains  may l e a d  t o  a 
s i g n i f i c a n t  e r r o r  i n  t h e  e v a l u a t i o n  o f  t h e  n o n l i n e a r  b e h a v i o u r  a n d  p a r t i c u l a r l y  
t o  a n  u n d e r e s t i m a t i o n  o f  t h e  s t a b i l i t y  l i m i t  l oad .  The s t a b i l i t y  i s  examined  by 
cons ide r ing  the  load  de f l ec t ion  pa th  and  the  behav iour  of a load-dependent 
c u r r e n t  s t i f f n e s s  p a r a m e t e r  i n  c o m b i n a t i o n  w i t h  t h e  d e t e r m i n a n t  o f  t h e  c u r r e n t  
s t i f f n e s s  m a t r i x .  
INTRODUCTION 
The s t a b i l i t y  o f  n o n l i n e a r  s t r u c t u r e s  i s  the  goa l  o f  many r e c e n t  p a p e r s .  
Espec ia l ly  the  snap- th rough  behav iour  o f  i n i t i a l ly  cu rved  s l ende r  ba r s  has  been  
a n a l y t i c a l l y  a s  w e l l  a s  n u m e r i c a l l y  c o n s i d e r e d  ( e . g .  r e f .  1 ,2 ) .  B u t  
i n v e s t i g a t i o n s  i n  which the inf luence of  contact  between the loading and the 
l o a d e d  s t r u c t u r e s  is  c o n s i d e r e d  a r e  r a t h e r  r a r e .  Such  a  combined c o n t a c t  and 
s t a b i l i t y  p r o b l e m  w i l l  b e  t r e a t e d  i n  t h i s  p a p e r .  I n  o r d e r  t o  show how t h e  
load ing  cond i t ions  in f luence  the  non l inea r  behav iour  and  the  s t ab i l i t y  l i m i t  i n  
p a r t i c u l a r ,  l e t  us draw our  a t ten t ion  to  the  fo l lowing  s imple  example .  
F igure  1 shows  a sha l low c i r cu la r  a r ch  wh ich  is  l o a d e d  o n c e  d i r e c t l y  by a 
concen t r a t ed  load  and  in  a second case by a r i g i d  h o r i z o n t a l  p l a n e  plate  moved 
towards  the  a rch .  The la t ter  is  t r e a t e d  as a contac t  problem.  In  both  cases ,  
symmet ry  wi th  r e spec t  t o  the  ve r t i ca l  ax i s  is assumed f o r  s i m p l i c i t y .  
Applying the algorithm which is  desc r ibed  la ter  w e  g e t  r e s u l t s  shown i n  
f i g u r e  2.  I n  f i g u r e  2 the  load  d isp lacement  pa th ,  P ( w ) ,  the  dependence  of  the  
no rma l i zed  de te rminan t  o f  t he  cu r ren t  s t i f fnes s  matrix, d e t & ( P ) ,  a n d  o f  t h e  
c u r r e n t  s t i f f n e s s  p a r a m e t e r  ( r e f .  3 , 4 ) ,  CS(P) ,   on   the   appl ied   load ,   P ,  is 
d e s c r i b e d .  I n  b o t h  c a s e s ,  d i s t i n c t  s n a p - t h r o u g h  b e h a v i o u r  c a n  b e  o b s e r v e d  b y  
cons ide r ing  the  f ina l  t angen t  o f  t he  de t&(P)  cu rve  wh ich  c rosses  the  P -ax i s  
p e r p e n d i c u l a r l y  ( r e f .  5 ) .  A l s o  t h e  v a n i s h i n g  c u r r e n t  s t i f f n e s s  p a r a m e t e r ,  CS, 
indicates  snap-through.  However i n  t h e  case b (load a p p l i c a t i o n  by a r i g i d  
p l a t e )  a s i g n i f i c a n t l y  h i g h e r  s t a b i l i t y  l i m i t  t h a n  i n  case a w a s  found. Thus, 
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it is  important  to  recognize  the  altering  loading  conditions  even  if  the  load 
is applied-at a  single  point in the  initial  state  (i.e. at a  very  low  load 
level).  The  problem  being  dealt  with in the  following  chapters  is  a  typical 
stability  and  contact  problem. 
DESCRIPTION OF THE  WAVED  STRIP  PROBLEM 
The  behaviour of an infinite  strip  with  periodic  wave-like  initial  out- 
of-plane  deformations  is  investigated  during  a  straightening  process.  Periodic 
out-of-plane  deformations  at  the  boundaries  (fig. 3 )  or  in  the  middle  domain  of 
the  strip  sometimes  appear  in  metal  sheets  as  a  consequence of the  rolling 
process.  The  straightening is based on plastic  deformations  caused  by  moving 
the  strip  through  a  leveller  in  which it is  bent  by  rollers  in  a  repeated 
manner. In  some  cases,  a  snap-through  of  the  waves  can be observed  which 
renders  an  unsuccessful  result  of  the  levelling  process. In order  to  find p r o p  
conditions  for  avoiding  snap-through,  a  procedure  for  calculating  the  non- 
linear  elastic-plastic  stability  problem  was  developed.  The  deformations  during 
levelling  are  caused  by  rather  stiff  rollers. A contact  problem  has  to  be 
solved  simultaneously  with  the  stability  problem in  order  to  account  for  the 
stiffening  effect due to  expanded  contact. 
To approach  the  real  behaviour  of  the  waved  strip  during  the  levelling 
process  by  mathematical  investigation,  the  complicated  transient  problem is 
simplified  to  a  static  consideration:  The  nonlinear  behaviour of the  shaded 
area of the  strip  in  figure 3 under  a  downward  moving  rigid  roller  is 
calculated  with  the  aid of the  finite  element  method. 
THE  MATHEMATICAL  MODEL 
The  following  data  were  taken  from  an  example in  which  instabilities  in 
the  practical  levelling  process  were  observed: B = 3500 mm, L = 1000 mm, 
S = 20 mm, t = 10 mm. The  material  is  assumed  to  be  elastic-plastic  with  linear 
strain  hardening.  The  following  material  properties  correspond  to 
experimentally  derived  values at  a  temperature  of 600 OC (the  strip  temperature 
during  the  levelling  process):  E = 180000 N/mm2  (Youngs'  modulus), v = 0.3 
(Poisson's  ratio) , cry = 130 N/mm2 (initial  yield  stress) , ET = 5000 N / m 2  
(strain  hardening  modulus).  The  shaded  area in  figure 3 under  consideration 
represents  a  doubly  curved  shallow  shell  which  is  modeled  using ADINA shell 
elements  (ref. 6). These  elements  allow  for  nonlinear  material  behaviour  as 
well  as  geometric  nonlinearities  using  the  total  Lagrangian  formulation. 
Figure 4 shows  the  finite  element  model. 
The  midsurface  of  the  shell  is  approximated  by 
z (x,y) = S ~2 sin 4Y2 (L-2x1 IT 2L 
As shown in reference 7 the  contact  conditions  can  be  verified  with  the 
aid  of  contact  elements.  These  contact  elements  are  simple  truss  elements 
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which  have  a  certain  nonlinear  elastic  material  behaviour  (figure 5). 
The  contact  elements  give  only  contributions  to  the  global  current 
stiffness  matrix  if  the  shell  nodes  to  which  they  are  attached  belong to the 
contact  area.  They  allow  only  transmission  of  compression  forces  corresponding 
to  the  contact  pressure.  Before  a  shell  node  becomes  a  contact  point,  the  gap 
between  the  rigid  roller  and  the  shell  surface  must  be  closed.  This  is 
accounted  for in the  location-dependent  activating  strain, ~ ~ ~ ~ ( y ) :  
E 
s-2 (x=O,y) 
gap = - S+h-z(x=O,y) 
The  values  of  the  tangent  moduli, El E2, the  stresses,  al"  and ~72~:~ the
fictitious  length, h, and  the  cross  section  area, A  of the  contact  elements 
must  be  properly  chosen.  This  means  that  the  contact  elements  should  be  stiff 
enough to  prevent  the  roller  from  penetrating in the  shell  and,  that  the 
properties  must  not  lead to a  numerical  instability  of  the  incremental- 
iterative  algorithms  described  below.  The  following  values  appear  in  the 
presented  analysis: E1 = 1000 N/mm2, 
02"= -20 N / m 2 ,  h = 80 mm, A = l o 0 0  mm . These  values  render  a  well- 
conditioned  system  of  equations. If  one  would  like  to  regard  the  local 
compressibility  of  the  roller,  a  certain  choice  of  the  a-E-behaviour  of  the 
contact  elements  would  make it possible.  Furthermore,  bending  deformations  of 
the  roller  could  be  considered,  if  beam  elements  would  represent  the  axis of 
the  roller  instead  of  the  rigid  line  (figure 4). Both  effects,  local 
compressibility  and  bending of the  roller,  are  negligible in the  investigated 
example. 
E$ = 
7500 N/mm2, ~ 1 " =  -5 N/m2, 
In order  to  represent  the  periodicity  of  the  structure,  the  boundary 
conditions  of  the  finite  element  model  are  introduced  as  shown  in  figure 4.
The  waved  strip  will  elongate  globally  due  to  the  levelling  process.  For  the 
x-displacement  at  the  boundary  x = L/2  the  following  restriction is valid: 
ux(x=L/2,y) = ux(x=L/2,y=0). 
DESCRIPTION  OF  THE  ALGORITHMS 
The  analysis  is  performed  in  an  incremental-iterative  manner,  using  the 
tangent  stiffness  matrix  concept  and  the  BFGS  iteration  procedure  as  described 
elsewhere, e.g. in  references 8,9. Let us concentrate our attention  to  the 
stability  algorithms.  Algorithms  which  treat  nonlinear  stability  problems as 
a  sequence  of  eigenvalue  problems  are  described  in  recent  papers  (e.g.  ref. 
10 - 12). Let us now  use  the  normalized  determinant of the  current  tangent 
stiffness  matrix,  detnE,  and  the  current  stiffness  parameter, CS, ecently 
introduced  by  Bergan  (ref.  3,4)  as  indicators  for  the  stability  behaviour of 
the  structure  during  the  lowering  of  the  rigid  roller. It is  a  well-known  fact 
that at the  stability  limit,  X-Xcrit (X ... load  amplifier,  Xcrit ... critical 
load amplifier),  the  determinant  of  the  tangent  stiffness  matrix  vanishes: 
lim det &(X) = 0. 
A-Xcrit 
T h i s  c r i t e r i o n  h o l d s  f o r  b o t h  b u c k l i n g  as w e l l  as snap-through because it 
is based on t h e  e x i s t e n c e  of a n o n t r i v a l  s o l u t i o n  du  o f  t h e  e q u a t i o n  -
* 
- K ( X c r i t ) -  f& = 0, 
v a l i d  a t  t h e  b i f u r c a t i o n  p o i n t  a n d  a t  the snap-through point .  
One can  d is t inguish  be tween buckl ing  and  snap- through by  cons ider ing  
t h e  d e t e r m i n a n t  a p p r o a c h e s  z e r o  ( r e f .  5 , l O ) :  I n  t h e  b u c k l i n g  c a s e  
h o l d s .  I f  t h e  d e t e r m i n a n t  b e h a v e s  a c c o r d i n g  t o  
1 i m  
A-Acrit 
- = --a, a de t K  ax 
how 
( 5 )  
snap-through is  i n d i c a t e d .  
The Gauss  e l iminat ion procedure which is  implemented i n  ADINA ( r e f .  6 )  i s  
used i n  c o m b i n a t i o n  w i t h  t h e  L D g f r a c t o r i z a t i o n  ( r e f .  1 3 )  t o  s o l v e  t h e  f i n i t e  
e lement  equat ion  sys tem dur ing  the  incrementa l - i te ra t ive  ana lys i s .  Thus ,  it is 
a l m o s t  n o  e f f o r t  t o  c a l c u l a t e  t h e  d e t e r m i n a n t  of t h e  nxn s t i f f n e s s  m a t r i x  u s i n g  
the f o l l o w i n g  r e l a t i o n s :  
K = L D L  , T - ”_
- L is a l o w e r  u n i t  t r i a n g u l a r  m a t r i x  a n d  is a diagonal  matr ix .  Hence,  
d e t  = d e t  2 = IT D . n i=l  ii ( 8 )  
T h i s  d e t  K is normalized so t h a t  d e t ,  K(A=O) = 1. A t  e ach  load  l eve l  a t  which 
a f u r t h e r c o n t a c t  e l e m e n t  is  a c t i v a t e d ,  t h e  c u r r e n t  g l o b a l  s t i f f n e s s  m a t r i x  
increases  suddenly  due  t o  the  added  con t r ibu t ion  o f  t he  ac t iva t ed  con tac t  
e l e m e n t .  I n  o r d e r  t o  a v o i d  d i s c o n t i n u i t i e s  i n  t h e  d e t & ( A )  c u r v e  t h e  c u r r e n t  
de tn  va lues  are smoothened by a fu r the r  no rma l i z ing  p rocedure  wh ich  l eve l s  t he  
d e t ,  v a l u e  j u s t  af ter  a jump t o  t h a t  which appeared immediately before it. I t  
migh t  be  p rope r  to  de l e t e  a l l  c o n t r i b u t i o n s  r e l a t e d  t o  t h e  c o n t a c t  e l e m e n t s  
f r o m  t h e  c u r r e n t  s t i f f n e s s  m a t r i x  i f  d e t n K ( A )  is  c a l c u l a t e d .  T h i s  would 
r e p r e s e n t  t h e  d e t e r m i n a n t  b e h a v i o u r  o f  t h e  s h e l l  i t s e l f  a n d  t h e  c o n t a c t  would 
on ly  con t r ibu te  to  the  load  vec to r  on  the  r igh t -hand  s ide  o f  t he  inc remen ta l  
f i n i t e  e l e m e n t  e q u a t i o n s .  
The c u r r e n t   s t i f f n e s s   p a r a m e t e r ,  CS ,  has   the  fol lowing  meaning (i i 
denotes  the increment  number) :  It r e p r e s e n t s  t h e  c u r r e n t  s t i f f n e s s  of t h e  
s t r u c t u r e  as be ing  a r e l a t ion  be tween  a load increment  and the corresponding 
displacement increment.  Assuming proportional loading one can express 
i i - R = X S e f .  (9) 
i 
r e f e r e n c e  l o a d  v e c t o r .  R e l a t i n g  t h e  c u r r e n t  s t i f f n e s s  t o  t h e  i n i t i a l  s t i f f n e s s  
R d e n o t e s  t h e  e x t e r n a l  l o a d  v e c t o r  a t  l o a d  l e v e l  A ,  Gef is t h e  c o n s t a n t  i 
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( W i t h  (< 1) CS can   be   de f ined  as 
i 
i i-1 i i-1 i cs = ( x- W I I  11.- UII 1 1  x/II u II 
(10) 
us ing  the  Eucl idean  norm o f  the  inc remen ta l  d i sp l acemen t  vec to r  t o  scale t h e  
r e l a t i o n s .  
The combination of the d e t e r m i n a n t  a n a l y s i s  a n d  t h e  c u r r e n t  s t i f f n e s s  
parameter c a l c u l a t i o n  o f f e r s  a good t o o l  t o  p r e d i c t  t h e  s t a b i l i t y  l i m i t ,  X c r i t l  
as w e l l  as t h e  i n s t a b i l i t y  mechanism ( i . e .  buck l ing  o r  snap- th rough)  as shown 
i n  r e f e r e n c e  14. 
DISCUSSION OF THE FESULTS 
Figure  6 shows t h e  l o a d  d i s p l a c e m e n t  p a t h  o f  t h e  i n i t i a l  c o n t a c t  p o i n t  
(node A i n  f i g u r e  4 ) ,  t he  no rma l i zed  de te rminan t  o f  t he  s t i f fnes s  ma t r ix ,  
d e t n ( ( h ) ,  a n d  t h e  c u r r e n t  s t i f f n e s s  p a r a m e t e r ,  C S ( h ) .  The results o f  t he  
a n a l y s i s  o f  t h e  same s h e l l  l o a d e d  by a concen t r a t ed  load  in  A are a l s o  
p r e s e n t e d  i n  f i g u r e  6 as a comparison. The fo l lowing  f ac t s  can  be  obse rved :  In  
both  cases  a s t a b i l i t y  l i m i t  is reached and snap-through of the wave takes 
p lace .  The s h e l l  l o a d e d  b y  t h e  r o l l e r  b e h a v e s  s i g n i f i c a n t l y  stiffer than  the  
po in t - loaded  she l l .  Th i s  is caused  by  the  a l t e r ing  load ing  cond i t ions  due  to  
t h e  i n c r e a s i n g  c o n t a c t  domain as expla ined  above .  In  the  concent ra ted  load  
approach, a ho r i zon ta l  t angen t  o f  t he  load  d i sp lacemen t  pa th  is reached before  
c o n s i d e r a b l e  p l a s t i f i c a t i o n  t a k e s  p l a c e .  I n  t h e  c o n t a c t  s o l u t i o n ,  p l a s t i c  
domains  appear i n  t h e  v i c i n i t y  o f  t h e  c o n t a c t  a r e a  l o n g  b e f o r e  a s i g n i f i c a n t  
s t i f f n e s s  loss ( i .e .  a r ap id  dec rease  o f  C S )  can be observed. 
I n  f i g u r e  7 the deformed s ta te  of  the  she l l  immedia te ly  before  snap- through 
is  shown. One can see t h a t  t h e  c o n t a c t  domain between r o l l e r  a n d  s t r i p  is  
considerable .  Furthermore,  it i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  t h e  i n i t i a l  c o n t a c t  
p o i n t  A belongs no longer  t o  t h e  c o n t a c t  a r e a .  
CONCLUSION 
From these  cons idera t ions  one  can  conclude  tha t  neglec t ing  the  change  of  
loading condi t ions due to  deformation dependent  contact  condi t ions may l e a d  t o  
a n  u n n e g l i g i b l e  e r r o r  e v e n  i f  i n i t i a l l y  c o n c e n t r a t e d  l o a d  c o n d i t i o n s  are 
j u s t i f i e d .  
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Figure 1.- The  circular arch loaded by concentrated load directly (a) 
or  via rigid plate (b) . 
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Figure 2.- Load displacement behaviour, normalized determinant  of  the current 
stiffness matrix and current sti€fness  parameter  for  the  two different 
loading conditions. 
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Figure 5.- Schematic sketch of the contact element material behaviour. 
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Figure 6.- Results of the analysis of the wavy s t r ip  p la te  ob ta ined  by 
(a) solving the contact problem and (b) concentrated load approach. 
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Figure 7.- Undeformed  shell and configuration immediately before snap-through. 
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